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The bifurcation and chaotic behavior of unidirectionally coupled deterministic ratchets is studied as a
function of the driving force amplitude �a� and frequency ���. A classification of the various types of bifur-
cations likely to be encountered in this system was done by examining the stability of the steady state in linear
response as well as constructing a two-parameter phase diagram in the �a-�� plane. Numerical explorations
revealed varieties of bifurcation sequences including quasiperiodic route to chaos. Besides, the familiar period-
doubling and crises route to chaos exhibited by the one-dimensional ratchet were also found. In addition, the
coupled ratchets display symmetry-breaking, saddle-nodes and bubbles of bifurcations. Chaotic behavior is
characterized by using the Lyapunov exponent spectrum; while a perusal of the phase space projected in the
Poincaré cross section confirms some of the striking features.
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I. INTRODUCTION

Coupled nonlinear systems possess a rich catalog of po-
tentially useful dynamical behaviors including bifurcations,
chaos, and synchronization. They are central to the under-
standing of a wide variety of extended systems, e.g., a line of
lattice oscillations or coupled plasma wave modes. A system
of two oscillators could make a Hopf bifurcation to a second
incommensurate frequency and follow a quasiperiodic route
to chaos, in addition to period doubling and intermittency.
Such routes to chaos was first observed by Ruelle and Takens
�1�. Synchronization phenomena in coupled or driven non-
linear oscillators are of fundamental importance and have
been extensively investigated both theoretically and experi-
mentally in the context of many specific problems arising in
laser dynamics, electronic circuits, secure communications,
and time series analysis �2�, to mention a few. For a more
detailed and comprehensive description on different types of
synchronization likely to be observed in two or more coupled
systems, the reader can refer to the book of Pikovsky et al.
�3�. In a recent study, we examined the synchronization of
both unidirectionally �4� and bidirectionally �5� coupled de-
terministic ratchets that exhibits intermittent chaos. In �4,5�,
it was shown that the transition to the synchronous regime is
characterized by an interior crises transition of the attractor
in the phase space. Specifically, two analytic tests based on
the Fujisaka and Yamada approach �6,7� and that of Gauthier
and Bienfang �8� were employed to verify the stability of the
synchronous state in reference �4�.

A clear understanding of coupled oscillator systems re-
quires a study of the full spectrum of the operating regimes,
including the nonsynchronous state �9�. It has been reported
that a group of interacting chaotic units that exhibits syn-

chronization show some bifurcation cascades from disorder
to partial and global order when varying the coupling
strength �10�. Ding and Yang �11� showed the existence of
intermingled basins in coupled Duffing oscillators that ex-
hibit synchronized chaos and conjectured that intermingled
basins can be easily realized in the context of coupled oscil-
lators and synchronized chaos. Extensive bifurcation analysis
of two coupled periodically driven Duffing oscillators was
done by Kozlowski et al. �12�. They showed that the global
pattern of bifurcation curves in parameter space consists of
repeated subpatterns similar to the superstructure observed
for single, periodically driven, strictly dissipative oscillators.
This study was recently extended to two coupled periodically
driven double-well Duffing oscillators by Kenfack �13�. The
results revealed a striking departure from the single-well
Duffing oscillators studied by Kozlowski et al. �12�.

The literature is abundant with studies on coupled oscil-
lator systems. At this point, we wish to refer the reader to
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dresden.mpg.de FIG. 1. The dimensionless ratchet potential.
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some other recent studies that are related to the subject of
this work �14–21�. Motivated by this series of studies, we
aim in this paper to explore some dynamical features hitherto
not fully explored in the coupled ratchets with emphasies on
the bifurcation structures preceeding the synchronous re-
gime. The rest of the paper is organized as follows: Section
II describes the equations of motion of the chaotic ratchet
model and comments on the synchronization behavior of the
coupled system that is of interest in this study. In Sec. III, we
carry out a linear stability analysis of the system projected on
the Poincaré map, while in Sec. IV, numerical results of bi-
furcations are presented. Chaotic behavior is characterized in
Sec. V. The paper is concluded in Sec. VI.

II. THE CHAOTIC RATCHET MODEL

Let us consider the one-dimensional problem of a particle
driven by a periodic time-dependent external force under the
influence of an asymmetric potential of the ratchet type
�22–26�. The time average of the external force is zero. In
the absence of stochastic noise, the dynamics is exclusively
deterministic. We are thus concerned with a rocked determin-
istic ratchet satisfying the following dimensionless inertial
dynamics:

FIG. 2. �Color online� Synchronization dynamics showing the time dependent quantities x1�t�, x2�t�, x�t�=x1�t�−x2�t� for b=0.1,
a=0.08092844, �=0.67 and for different values of the coupling strength c: �a� c=0.01, no synchronization, �b� c=0.9, synchronization after
a long transcient time t�450, and �c� c=0.95, synchronization after a short transcient time t�8.

FIG. 3. �Color online� Two parameter phase diagram in the
�a-�� plane, for b=0.1 and c=0.5. Regions of period-2 �p2� in
green, period-3 �p3� in blue, period-4 �p4� in red, chaos in yellow,
and nonattraction in white can be identified.
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ẍ + bẋ +
dV�x�

dx
= a cos��t� �1�

in the asymmetric ratchet potential V�x�, where a and b are
the forcing strength and the damping parameter, respectively.
The period associated to the frequency �0 of the linear mo-
tion around the minima of the ratchet potential has been used
as the natural time unit to scale time. The above formulation
implies that all quantities used here are dimensionless. Thus
the dimensionless potential V�x� is given by

V�x� = C −
1

4�2�
�sin 2��x − x0� + 0.25 sin 4��x − x0�� ,

�2�

with constants C�0.0173 and ��1.6. The potential V�x� is
shifted by a value x0 in order to place its minimum at the
origin �see Fig. 1�. Notice that this asymmetric potential is
periodic and has an infinite number of potential wells.

The extended phase space in which the dynamic is taking
place is three-dimensional, since we are dealing with an in-
homogeneous differential equation with an explicit time de-
pendence. We can rewrite Eq. �1� in autonomous form as a
three-dimensional dynamical system described by the coor-
dinates:

ẋ = y ,

ẏ = a cos � − by −
dV�x�

dx
,

�̇ = � . �3�

Since Eq. �3� is nonlinear, its solutions allow the possibility
of periodic and chaotic orbits. For the purpose of this study,
we consider a system of two identical unidirectionally
coupled chaotic ratchets governed by �4�

ẍ1 + bẋ1 +
dV�x1�

dx1
= a cos��t� , �4�

ẍ2 + bẋ2 +
dV�x2�

dx2
= a cos��t� + c�ẋ1 − ẋ2� , �5�

where c is the coupling parameter. For a=0.08092844,
b=0.1 and �=0.67, systems �4� and �5� exhibit complete
synchronization when 0.89�c�1.05. Complete synchroni-
zation, or simply sychronization, means suppression of dif-
ferences in coupled identical systems �3�. To describe this
phenomenon in our chaotic model, we examine the behavior
of the time dependent quantity x�t�=x1�t�−x2�t�. The syn-
chronization is achieved as x�t� tends to be constant. In such
a situation, the state of the two systems coincide and vary
chaotically in time. The synchronization dynamics for differ-
ent values of the coupling strength c is shown in Fig. 2. It
turns out that for a very weak coupling c=0.01�0.89 �a�,
the two chaotic ratchets do not synchronize. However, for a
much larger coupling strength, a complete synchronization is
reached after a long transcient time �t�450� for c=0.9 �b�
and for a very short transcient time �t�8� for c=0.95 �c�;
see also insets. Prior to the onset of synchronization, the

FIG. 4. Bifurcation diagrams
for �=0.3, b=0.1, and c=0.5
showing �a� a resonance near
a=0.0559, �b� a period-1, and �c�
a large windows of period-2, both
sandwiched in the chaotic regions.
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strange attractor undergoes a crises transition during which it
is gradually destroyed and as the synchronization regime is
approached, the attractor is again rebuilt �4�. In a very recent
work, Kostur et al. �27� studied systems �4� and �5� with
time-delay coupling schemes, thus corresponding to a
master-slave model. They found that the slave ratchet, under
the time-delay coupling can respond the same way as the
master will respond in the future, thereby anticipating the
nonlinear directed transport. To obtain approximate visual-
ization of the attractors and their bifurcations we follow the
procedure described in �12,13�. That is, we investigate the
dynamics in the Poincaré sections denoted by �.

III. STABILITY ANALYSIS

To begin with, let us consider the basic mathematical
principle underlying some expected topological structure of
the coupled ratchets. Here we carry out a stability analysis of
the coupled system �4� and �5� which can be written equiva-
lently as

ẋ1 = v1,

v̇1 = a cos�2��� − bv1 +
1

4��
�2 cos 2��x1 − x0� + cos 4��x1

− x0�� ,

ẋ2 = v2,

v̇2 = a cos�2��� − bv2 +
1

4��
�2 cos 2��x2 − x0� + cos 4��x2

− x0�� + c�v1 − v2� ,

�̇ =
�

2�
. �6�

We denote by �x1 ,v1 ,x2 ,v2 ,�� any element of the state space
IR4�S1, where S1 is the unit circle containing �. For better
visualizing attractors and their bifurcations diagrams, the dy-
namics is explored in the Poincaré cross section defined by

� = ��x1,v1,x2,v2,� = �0��IR4 � S1; �0 = const	 .

The constant �0 determines the location of the Poincaré
cross section on which coordinates of attractors
X�x1 ,v1 ,x2 ,v2� are expressed. By employing the linear
perturbation method which consists of considering the
solution X�x1 ,v1 ,x2 ,v2� as a superposition of a very small
perturbation Y��x1 ,�v1 ,�x2 ,�v2� to the steady state
V0�x10,v10,x20,v20�, that is X=V0+Y, we obtain the matrix
variational equation

Ẏ = DG�V0�Y �7�

where DG�V0� is the 4�4 Jacobian matrix

FIG. 5. Bifurcation diagrams
for b=0.1 and c=0.5 and for the
driving frequencies �a� �=0.4, �b�
�=0.5, and �c� �=0.75 showing
clearly the occurence of sn, sb, re-
versed pd and pd route to chaos.
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DG�V0� =

0 1 0 0

	 − b 0 0

0 0 0 1

0 c 
 − �b + c�
� �8�

describing the vector field along the solution Y and V0 being
an equilibrium point or steady state with 	=−2/��1
+3��x10−x0��; 
=−2/��1+3��x20−x0��. The solution of Eq.
�7� after one period T of the oscillations is given by

Y�T� = Y�0�exp„DG�V0�T… , �9�

where DG�V0� represents the time-independent stability ma-
trix of a periodic orbit connecting arbitrary infinitesimal
variations in the initial conditions Y0=Y�0� with correspond-
ing change in Y�T�. The real parts of the roots of the char-
acteristic equation det(DG�V0�− I�)=0, given by

�4 + A3�3 + A2�2 + A1� + A0 = 0, �10�

determine the stability of the periodic motion, with A3=2b
+c, A2=b�b+c�− �	+
�, A1=−b�
+	�+	c and A0=	
.
Here �= �� j� represent the eigenvalues of DG�V0�. If one
assumes x0�x10�x20, as in our numerical experiment, then
	=
=−2/�. In general, complex eigenvalues occur in com-
plex conjugate pairs. Let us consider 	k, 
k as the real and
the imaginary parts of �k, respectively ��k=	k+ i
k�. If �k

is real, the eigenvalues are simply the rate of contraction
�	k�0� or expansion �	k�0� near the steady state. If �k is
complex, besides the role played by 	k, the imaginary part 
k
contributes to the frequency rotation of the spiral. The eigen-
values of the Poincaré map may thus be written as


k = exp�	kT��cos�
kT� + i sin�
kT�� . �11�

It turns out from Eq. �11� that if 	k�0 for all �k, then all
sufficiently small perturbations tend torward zero as t→�

and the steady state �node �n�, saddle-node �sn�, spiral �sp��
is stable. If 	k�0 for all �k, then any small perturbation
grows with time and the steady state �n ,sn ,sp� is unstable. In
addition if there exist m and l such that 	m�0 and 	l�0, the
equilibrium state is unstable and is called a saddle. Having
recourse to the above analysis it follows that saddle-node,
sn��k= +1�, period-doubling, pd��k=−1�, Hopf �
k�0, with
	k�0�, and symmetry-breaking �sb� bifurcations are ex-
pected to occur in the coupled ratchets. Similar bifurcational
scenarios have been found in periodically driven coupled
single �12� and double �13� well Duffing oscillators.

IV. BIFURCATION DIAGRAMS

In order to investigate the dependence of the system on a
single control parameter �in this case, the amplitude a of the
driving function�, several bifurcation diagrams have been
computed, some of which have been chosen to illustrate the
general structure of the system. Each bifurcation diagram
shows the projection of the attractors in the Poincaré section
onto the x2 or the v2 coordinates versus the control param-
eter. We employ this technique in our numerical exploration
using the period T=2� /� of oscillation as the stroboscopic
time; with the standard fourth- order Runge Kutta algorithm.

We begin with a general overview of the behavior of the
two coupled systems by displaying regions of existence of
different periodic and chaotic orbits in a two parameter phase
diagram which is plotted in the �a-�� plane at fixed values of
b=0.1 and c=0.5 �Fig. 3�. This diagram is obtained using the
software dynamics �28�. Different regions of periodic orbits
of period-2 �green�, period-3 �blue�, period-4 �red�, as well as
chaotic orbits �yellow� are clearly visible. Besides the peri-
odic and the chaotic orbits, there also exist nonattracting
points �white� for which the orbits diverge; any trajectory
starting in such a white area is expected to leave it for ever as

FIG. 6. �a� Bifurcation diagram for c=0.5,
b=0.1, �=0.5 and �b� the corresponding
Lyapunov spectrum in the Poincaré map.
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time goes by and the variables take very large numbers �in-
finity�. The present phase diagram is not providing any in-
formation about the synchronized states but rather about the
different periodic-chaotic transitions that may occur in the
systems. We found that for a given value of �a ,��, both
ratchets are in the same regime though not having identical
time series �x�t��0, nonsynchronous regime�.

In all examples that follow, we fixed b=0.1 and c=0.5;
the values for which the coupled ratchets do not synchronize.
In Fig. 4 we show bifurcation diagrams for a comparatively
small driving frequency of �=0.3. Different bifurcation se-
quences occur as the driving amplitude a is varied. For in-
stance, in Fig. 4�a�, there is a resonance near a=0.0559 while
a period-1 attractor emerges in Fig. 4�b� from chaos, through
a reversed period-doubling �pd� and subsequently follows
the familiar pd route to chaos. For a much larger amplitude
of the driving force, a large period-2 is suddenly created at
around a=1.5612 from a chaotic region �see Fig. 4�c��. This
period-2 attractor is finally annihilated in a crisis event
around a=1.5638 leading to a sudden chaotic state �tran-
scient chaotic state�. After this chaotic state we find bubbles
of bifurcation dominating periodic windows �further, see Fig.
6�a� as a prototype�. When the driving frequency � is in-
creased, saddle-node �sn�, symmetry breaking �sb� bifurca-
tions, quasiperiodicity as well as period-doubling �pd� cas-
cade predominate. For instance in Fig. 5�a�, there is

occurence of �sn� in the vicinity of a=0.05925 where coex-
isting attractors show up and a pd cascade, at around
a=0.06075, leading to chaos for �=0.4. Moreover sb and sn
resulting from a reversed pd are clearly visible in Fig. 5, �b�
for �=0.5 and �c� for �=0.75. Similar routes identified in
this transport model have also been found in the coupled
Duffing model �12,13�.

To complete our bifurcation study, we proceed to investi-
gate large values of the driving frequency ����c=0.8� and
different ranges of a. Here we find that the majority of the
earlier observed bifurcation scenarios are also repeated ex-
cept that for large a, typically greater than the critical value
ac=1.17, periodic attractors dominate. Fingerprints of such
behavior can readily be observed in Fig. 5�c� for �=0.75,
where a period-1 attractor is created via a sb bifurcation.

V. CHARACTERIZING CHAOS

To better validate the results obtained above, it is neces-
sary to compute the Lyapunov exponent which is well known
as a powerful indicator of chaos in dynamical systems. Also
it will be interesting to visualize the attractors in a more
concrete space—the Poincaré cross sections.

The set of Lyapunov exponents �k can be obtained from
linear stability analysis. In this approximation, all solutions

FIG. 7. Typical attractors for parameters taken from Fig. 3, with fixed values of a=0.08092844, b=0.1, and c=0.5. Shown are chaotic
attractors �a� for �=0.4, �b� for �=0.5, �c� for �=0.75, and �d� a quasiperiodic attractor of period-2 for �=0.8.
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are of the form exp��kt�, k=1,2 , . . . ,M. The maximum
Lyapunov exponent �max is defined as

�max = lim
�→+�

1

�
ln„�L����… , �12�

where �L����= ��x1
2+�v1

2+�x2
2+�v2

2�1/2 is obtained in the
Poincaré cross section by solving numerically the variational
equation �7� simultaneously with the systems �4� and �5�.
A positive Lyapunov exponent is a signature of chaos while
zero and negative values of the exponent is an indication of
a marginally stable or quasiperiodic orbit and periodic orbit,
respectively. In Fig. 6�b�, a spectrum of the �max, correspond-
ing to the bifurcation diagram of Fig. 6�a� obtained for
�=0.5, is displayed. Regions of chaotic and periodic solu-
tions are well characterized. Various bifurcation scenarios
can be found including sn, sb, quasiperiodic region, pd cas-
cade leading to chaos, and bubbles of bifurcation.

Finally in Fig. 7, we visualize the attractors in the
Poincaré cross sections for a fixed valued of the driving force
a=0.080928844 and for several values of the driving fre-
quency � taken from Fig. 3. We find that as � increases, the
chaotic attractor shrinks �see Fig. 7, �a� for �=0.4, �b� for
�=0.5, and �c� for �=0.75�. As a consequence, the attractor
size gets enlarged as � decreases. Essentially, this phenom-
enon has been attributed to the collision of the attractor with
a periodic orbit in the exterior of its basin and is thus referred
to as boundary crises �29�. For larger � values, quasiperiodic
and periodic attractors were found to dominate. As an ex-
ample, Fig. 7�d� shows a quasiperiodic attractor of period-2
for �=�c=0.8.

VI. CONCLUSIONS

In summary, we have investigated the dynamics of unidi-
rectionally coupled deterministic ratchets and have shown

varieties of bifurcation sequences including the quasiperiodic
route to chaos. Using the standard method of linear stability
analysis, we have examined the stability of the steady state
solution of the system leading to different types of bifurca-
tions likely to occur in the neigborhood of the synchronized
region. For a given driving frequency, the bifurcations de-
pend strongly on the values of the driving amplitude a and
are generally complicated. Besides quasiperiodicity, the fa-
miliar period-doubling and crisis route to chaos were also
observed. In addition, the coupled ratchets exhibit symmetry-
breaking bifurcations, resonance, saddle-node, and bubbles
of bifurcations. Using the Lyapunov exponent spectrum, we
characterized chaos in this system. A perusal of the Poincaré
cross sections revealed boundary crises in which the size of
chaotic attractor is suddenly enlarged as the driving fre-
quency is gradually decreased for a fixed driving amplitude.
Although this system presents a very chaotic structure, it
remains nevertheless ordered as the driving frequency be-
comes large, thereby providing critical parameters for a cha-
otic transport of particles.
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